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1 Introduction

A central question of time-frequency anal-

ysis is how to decompose a signal with time-

varying oscillatory properties into several com-

ponents with distinct amplitude and frequency

behaviors. We may formulate this problem

mathematically as follows.

Let f : R → C be a signal and assume f

can be written as a finite sum of (unknown)

amplitude-phase components (modes):

f(t) =
K∑
k=1

fk(t), fk(t) := Ak(t)e
2πiϕk(t),

which is called an amplitude-phase decompo-

sition of f and the {Ak} represent instanta-

neous amplitudes (IAs) and {ϕ′
k} represent

instantaneous frequencies (IFs). Then, the

problem is to retrieve the fk given that only

f is known.

The IAs and IFs of a signal can be visu-

alized using the short-time Fourier transform

(STFT). However, due to the uncertainty prin-

ciple, the exact IAs and IFs are obscured by

the blurry STFT representation. One method

that has been designed to sharpen the STFT

information and approximately retrieve the IAs

and IFs is known as the Synchrosqueezing trans-

form (SST) [1]. In this talk, we introduce the

notion of an SST based on a quilted STFT,

where the window g is allowed to change de-

pending on the time-frequency region of inter-

est. We also apply the SST to the problem of

sonifying real datasets.

2 Synchrosqueezing transform

2.1 SST based on STFT

We define the STFT Vgf of a signal f by∫
R f(x)g(x−t)e−2πiξ(x−t) dx. Then, the STFT-

based SST with tolerance γ > 0 and limiting

parameter β > 0 is given by

Sβ
f,γ(t, ξ) :=

∫
Aγ,f (t)

Vgf(t, η)
1

β
B

(
ξ − ξf (t, η)

β

)
dη,

where B ∈ C∞
c (R) is a “bump function” satis-

fying B̂(0) = 1, Aγ,f (t) := {η ∈ R+ : |Vgf(t, η)| >

γ}, and ξf (t, η) :=
∂t [Vgf(t, η)]

2πiVgf(t, η)
is an approx-

imation to IF. We assume that the Ak and ϕ′
k

are bounded, sufficiently smooth, and slowly-

varying, and we also assume that the ϕ′
k are

well-separated, i.e., ∃d > 0 s.t. ∀t ∈ R, ϕ′
k(t)−

ϕ′
k−1(t) > d if k ≥ 2. The authors of [1, 2]

proved that under these and several other as-

sumptions, one may accurately extract the ϕ′
k

and then reconstruct the fk via

fk(t) ≈ lim
β→0+

∫
{ξ : |ξ−ϕ′

k(t)|<γ}

Sβ
f,γ(t, ξ) dξ.

2.2 SST based on quilted STFT

The assumptions above on Ak may not al-

ways be physically realistic. For instance, the

onset of a note in a music signal may be mod-

eled by discontinuous or fast-changingAk. The

STFT-based SST may not accurately capture

the onset energy, because the STFT time res-

olution capability is limited by the window

g. However, one may consider allowing g to

change depending on the time-frequency re-

gion of interest. This yields the concept of a

quilted STFT, where different time-frequency

regions represent patches in a quilt covering

the time-frequency plane [3].

We define the quilted STFT V Q
g f of a signal

f by V Q
g f(t, ξ) :=

∫
R f(x)gt,ξ(x−t)e−2πiξ(x−t) dx,

where for each (t, ξ), gt,ξ is a window function

centered at 0. We then define the quilted-

STFT-based SST SQ,β
f,γ by replacing Vgf by



V Q
g f everywhere in the definition of Sβ

f,γ . Our

first restriction on gt,ξ is that it does not vary

too much in t: if g̃(t, ξ, x) := gt,ξ(x), then

∀t ∈ R,
∫
R |∂t g̃(t, ξ, x)| dx < ∞. Additionally,

for fixed t, we restrict gt,ξ to be constant in ξ

over each frequency band {ξ : |ξ−ϕ′
k(t)| < γ}.

Then, with all the previous assumptions above

and two other fairly non-restrictive ones, we

have proven that one can approximately re-

construct fk via

fk(t) ≈ lim
β→0+

∫
{ξ : |ξ−ϕ′

k(t)|<γ}

SQ,β
f,γ (t, ξ) dξ.

In our talk, we will provide numerical evidence

that quilted-STFT-based SST performs bet-

ter than STFT-based SST on signals with dis-

continuous Ak. Figure 1 demonstrates the us-

age of the quilted-STFT-based SST on a syn-

thetic test signal.
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図 1. From top to bottom: the synthetic test sig-
nal f = f1 + f2; |V Q

g f |2 with different windows used

around component onsets; |SQ,β
γ,f |2 with extracted IF

curves ϕ′
1 < ϕ′

2 (magenta); the extracted f1 and f2.

3 Application of SST: Data sonifi-

cation

As an application of SST, we consider soni-

fication (a translation into sound) of 16 tem-

perature readings in Lake Tahoe, each taken

at a different depth of the lake. We convey

this data in a manner that separates the short-

term oscillatory and long-term trend informa-

tion from each of the temperature signals, while

still enabling their simultaneous “reading.” A

visualization of all this information may be

difficult to read. But using the power of our

auditory system, one has some hope of “hear-

ing” all the information together. Since music

signals share similar oscillatory characteristics

to those in our data, it is natural to consider

a musical model.

Our algorithm proceeds as follows. First,

we assign an instrument to each temperature

signal, with higher-pitched instruments for read-

ings closer to the surface. Next, we use the

SST to extract IF curves from each signal (Fig-

ure 2), which are linearly mapped to notes in

a musical scale. We then use a LOESS (lo-

cally weighted polynomial regression) method

to extract each signal’s trend, which we map

to MIDI volume values. The final product is a

music file in MIDI format, which we will play

in our presentation.

図 2. From top to bottom: one of the temperature
measurements; its detrended version; the magnitude
of the STFT; the SST with the extracted IF curves.
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